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The interaction between spin and nanomechanical degrees of freedom attracts interest from the viewpoint
of basic science and device applications. We study the magnon current induced by the torsional oscillation
of ferromagnetic nanomechanical cantilever. We find that a finite Dzyaloshinskii-Moriya (DM) interaction
emerges by the torsional oscillation, which is described by the spin gauge field, and the DM interaction leads to
the detectably-large magnon current with frequency same as that of the torsional oscillation. Our theory paves
the way for studying torsional spin-nanomechanical phenomena by using the spin gauge field.
The interplay between magnetism and mechanics has a long
history, in which the magnetomechanical effect named the
Einstein-deHaas effect [1, 2], aswell as the inverse effect [3, 4],
still attracts interest [5, 7–10]. Meanwhile, successive devel-
opments in modern technology allow us to decrease the size
of mechanical systems down to the nanoscale with high ac-
curacy [11, 12], which is called nanoelectromechanical sys-
tem (NEMS), where quantum mechanics plays an essential
role [13, 14]. In addition to the interest from the viewpoint of
fundamental physics, the application of NEMS diverges into
many branches, such as atomic mass sensing [15], biological
imaging [16], and quantum measurement [17]. With the de-
velopments, the mutual interaction between spin and nanome-
chanical degrees of freedom has drawn much attention; the
electron spin flip observed as a nanomechanical torque [6, 18].
Among these, theoretical proposals for spintronic applications
by using nanomechanical motion are also presented, such as
magnetization reversal [19], spin polarization of electric cur-
rent [20], and detection of spin Hall effect [21], but most of
them are for electronic nanomechanical systems.
More recently, a ferromagnetic insulating mechanical can-
tilever of submicron scale was first fabricated [22], and by
using such a cantilever, a thermally-induced magnetomechan-
ical effect was observed by Harii et al. [23]. In the exper-
iment on the yttrium-iron-garnet (YIG) cantilever, the spin
wave propagation excited by spin Seebeck effect [24] affects
the mechanical oscillation of the cantilever, where the authors
observe the effect as the resonant frequency modulation of
the oscillation. This experiment is distinguished in a sense
that the effect arises in the absence of conduction electron,
which means that ferromagnetic spins directly couple to the
nanomechanical motion. Here, one may expect the inverse
phenomenon of the effect: nanomechanical motion induces
spin wave propagation, which is an interesting effect as fun-
damental physics. It may also stimulate device applications,
e.g., nanomechanical spin-wave generator. However, no one
yet shows such a phenomenon, even in theory.
In this Letter, we show that the spin wave propagation is in-
duced by torsional oscillation of a nanomechanical cantilever
composed of the ferromagnetic insulator. Figure 1 depicts the
schematic setup of our theory, where a torsional oscillation
mode is excited by an external force, such as by piezoelec-
tric actuator, or by laser Doppler vibrometer, which results
in the spin wave propagation, or more strictly speaking, the
magnon current generation with frequency same as that of the
torsional oscillation. To capture the physics, we begin with
the Lagrangian of a simple localized spin system, which con-
tains the exchange interaction and easy magnetic anisotropy,
where the anisotropy direction is modulated by the torsional
oscillation. By introducing a local rotation in spin space,
we move to the coordinate frame in which the easy magnetic
anisotropy is constant for time and space, which leads to a kind
of Dzyaloshinskii-Moriya (DM) interaction [25, 26] emerging
in the rotated frame. In the DM interaction, the spin gauge
field [27] acts as the D vector and is proportional to the spatial
derivative of the torsional oscillation angle, which indicates
that the torsional oscillation can be described by the spin gauge
field. Hence, we evaluate the magnon current as the linear re-
sponse to the spin gauge field, which we find is large enough
to be detected, such as by the inverse spin Hall effect [28–30].
A possible experimental configuration is also proposed.
We emphasize that the present theory is essentially differ-
ent from theories based on the conventional magnetoelastic
coupling [31, 32], in which only the symmetric strain tensor
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FIG. 1. Schematic setup of our theory. Considering that an external
force excites the torsional oscillation mode, which is described by
χ(z, t), we show that the magnon current jm(t) is induced by the
torsional oscillation.
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2is considered, while we here consider the torsional oscillation
which is described by the antisymmetric strain tensor [33]. In
order to derive the Hamiltonian containing the antisymmetric
strain tensor, an approach similar to ours has been taken by
Jaafar et al. [34], although it is not described by the spin gauge
field and the authors do not mention the DM interaction.
Now, we begin with the localized spin Lagrangian, which is
given by
Ls = ~S
N∑
j=1
(cos θ j − 1)
dφ j
dt
−Hs, (1)
where we expressed the jth spin S j with length S as the co-
herent state, S j = S(sin θ j cos φ j, sin θ j sin φ j, cos θ j), and N
is the total spin number. In this work, to reveal the essence of
physics, we consider a simple situation, where the spins inter-
act ferromagnetically through the exchange interactionwith the
strength Jex and are affected by the easy magnetic anisotropy,
so that the HamiltonianHs is given as
Hs = −Jex
∑
i, j
Si · S j −
∑
i
K
2
(Si · nˆi)2, (2)
where K is the magnitude of the anisotropy and nˆi is the unit
vector representing the anisotropy direction, which is tempo-
rally and spatially varying due to the torsional oscillation of
the sample [see Fig. 2 (a)]. We note that for pure torsional
vibration each cross-section of the sample performs rotary vi-
brations about its centre of mass, which remains at rest [33];
the torsional angle χ(r, t) only depends on the zˆ direction and
time t.
Here, we introduce the rotational matrix R in order to take
a frame fixed in the sample, in which the anisotropy direction
is constant in time and space,
nˆi = nˆ(ri, t) = R(ri, t)nˆ0, (3)
where nˆ0 is the anisotropy vector in the absence of the dis-
tortion, which is temporally and spatially constant, ri is the
position of ith spin, and R(r, t) is given by
R(r, t) = ©­«
cos χ(r, t) − sin χ(r, t) 0
sin χ(r, t) cos χ(r, t) 0
0 0 1
ª®¬ , (4)
sincewe introduced the coordinate as in Fig. 1. We assume that
the torsional oscillation is driven by an external force, such as
by a piezoelectric actuator, and then the distortion angle χ(r, t)
obeys the following equation of motion [33],
C
∂2 χ
∂z2
= ρI
∂2 χ
∂t2
, (5)
whereC is an elastic constant defined by the shape andmaterial
of the sample [19], ρ is the mass density, and I is the moment
of inertia of the cross-section about its center of mass. For a
plate with thickness d and width w ( d), the quantitiesC and
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FIG. 2. (a) Schematic description of the magnetic anisotropy vector
nˆi changing by the torsional distortion. The gray dotted lines with
arrows represent the coordinate axis in the laboratory frame, the blue
lines with arrows describe the coordinate axis fixed in the cross-
section of the sample, and each red arrow stands for the projection
of the anisotropy vector into each cross-section of the sample. The
red arrows do not change in the coordinate fixed in the sample, but
is modulated in the laboratory frame. (b)–(e) The spatial profile of
the torsional oscillation angle χ(r, t) of (b) the lowest, (c) second
lowest, and (d) third lowest modes at a certain time, with (e) the
schematic configuration of the sample ferromagnet. We can see that
the torsional oscillation angle depends only on the length direction,
not on the width direction.
I are given as C = µd3w/3 and I ' dw3/12, where µ is the
Lamé constant [19]. The solution of Eq. (5) at a certain time
is shown in Fig. 2 (b)–(d) [see Eq. (16) for details].
Taking the continuum limit Si → S(r), we move to the ro-
tated frame, S˜ = R−1S, where the Hamiltonian is obtained as
Hs = H0 +HA. The first term H0 contains the correspond-
ing terms to the exchange interaction and the easy magnetic
anisotropy,H0 =
∫
(dr/a30)[(J/2)(∂i S˜)·(∂i S˜)−(K/2)(S˜ ·nˆ0)2],
where J = 2Jexa20 and a0 is the lattice constant of the sample
ferromagnet. In the rotated frame, the additional term HA
appears;
HA =
∫
dr
a30
[−JAi · (S˜ × ∂i S˜) − ~S˜ · At ] , (6)
which is proportional to spin gauge field Aµ = (Axµ, Ayµ, Azµ)
with µ = t, x, y, z. The spin gauge field is connected to the
rotational matrix as
(R−1∂iR)αβ = Aγi αβγ (7)
with i = x, y, z [35], so that we find Aαi = (∂i χ)δα,z , and At =Ûχ zˆ. We here emphasize that the first term in Hamiltonian (6) is
3nothing but the Dzyaloshinskii-Moriya (DM) interaction [25,
26], which means that torsional distortion in ferromagnets
induces DM interaction.
Next, in order to use the Holstein-Primakoff (HP) trans-
formation, we further introduce the global rotational matrix
R0 defined by nˆ0 = R0 zˆ, and also introduce S¯ = R−10 S˜ and
A¯µ = R−10 Aµ. In the frame described by S¯, we safely use
the HP expansion, S¯x(r) ' √2S[a(r) + a†(r)]/2, S¯y(r) '√
2S[a(r) − a†(r)]/2i, and S¯z(r) = S − a†(r)a(r). Hence, the
Hamiltonian in the Fourier space is given asH0 = ∑q ωqa†qaq
with ωq = Jq2 + ∆, where J = SJ = 2SJexa20 and
∆ = SK [36], and
HA = ~
∑
p
j¯i(−p)A¯zi (p, t) + ~S
∑
p
n¯(−p)A¯zt (p, t), (8)
where j¯m(p) = ~ j¯(p) is the magnon current density operator
in the frame described by S¯, with
j¯i(p) = 2J
~V
∑
q
qia
†
q−p/2aq+p/2, (9)
and n¯(p) is magnon density operator given by n¯(p) =
V−1
∑
q a
†
q−p/2aq+p/2. Here, V is the volume of the sample
ferromagnet.
According to Eq. (8), the spin gauge field couples to the
magnon current density, so that we easily predict magnon cur-
rent generation by the dynamical distortion. We now evaluate
the linear response of the magnon current to the torsional os-
cillation, which is given by
j¯m,i(p,Ω) = ~〈 j¯i(p,Ω)〉 = χ¯Ri j(p,Ω)A¯zj (p,Ω), (10)
where the response coefficient is obtained from
χ¯i j(p, iωλ) = −~2
∫ β
0
dτeiωλτ 〈Tτ j¯i(p, τ) j¯j(−p, 0)〉 (11)
with β = 1/kBT , by taking the analytical continuation,
iωλ → ~Ω + i0 [37, 38]. As standard procedures of the
calculation for the linear response theory, rewriting Eq. (11)
by means of the thermal Green function of magnon, replacing
the Matsubara summation with the contour integral, and tak-
ing the analytical continuation, we then focus on the Ω-linear
term in the response coefficient,
Ω
[
∂
∂Ω
χ¯Ri j(p = 0,Ω)
]
Ω=0
= −i~ΩΦδi j, (12)
where we neglected the p dependence of χ¯Ri j because the spin
gauge field A¯zj is already first order of p, and the lowest order
is of our interest. Here, Φ is given by
Φ =
2J
3
1
V
∑
q
(
ωq − ∆
) ∫ ∞
−∞
d
2pi
(
∂g
∂
) {
Im
[
DRq ()
]}2
,
50 10 15 20 25 30
10
0
20
30
40
F
T [K]
FIG. 3. Temperature dependence of the function F(β∆) with the gap
∆/kB ' 0.67 K for YIG [39].
where g = (eβ − 1)−1 is the Bose-Einstein distribution func-
tion, and DRq () is the retarded Green function of magnon,
DRq () =
1
 − ωq + iα , (13)
which is obtained from the Landau-Lifshitz-Gilbert equa-
tion with the phenomenologically-introduced Gilbert damp-
ing constant α. By taking the approximation Im[DRq ()]2 '
(2pi/α)δ( − ωq), we obtain
Φ =
1
6αpi2
√
∆
J F(β∆) (14)
with F(x) = x−1/2
∫ ∞
x
dt (t − x)3/2et/t(et − 1)2 (see Fig. 3).
Hence, the real time and space representation of the magnon
current density induced by the spin gauge field is given as
j¯m,i(r, t) = ~Φ Û¯Azi (r, t) in the frame described by S¯, that is,
jm,i(r, t) = ~Φ[nˆ0 · ÛAi(r, t)] (15)
in the rotated frame described by S˜. Equation (15) with
Eq. (14) is the main result of this work. The spin polarization
direction of magnon current is almost parallel to nˆ0 even in
the laboratory frame, because the torsional oscillation angle is
much smaller; χ  1; especially in the edges χ = 0. We also
note that the flow direction of the magnon current is along the
length direction, since ÛAx = ÛAy = 0 and ÛAz = [∂t∂z χ(z, t)]zˆ.
We now estimate the magnitude of the generated magnon
current. We first determine the dynamics of the torsional oscil-
lation, which is governed by Eq. (5). Assuming the boundary
conditions of χ(z, t) as χ(0, t) = 0 and ∂z χ(l, t) = 0, and the
initial conditions χ(l, t0) = χ0 and ∂t χ(z, t = t0) = 0, we
obtain
χ(z, t) = χ0 sin kz cos(Ωt + δ) (16)
with k = (n−1/2)pi/l andΩ = vk, where n is a natural number,
and v = (2d/w)√µ/ρ. The phase factor δ is determined from
cos(Ωt0 + δ) = 1 and sin(Ωt0 + δ) = 0. Hence, the DM
interaction for the lowest oscillationmode n = 1 is evaluated as
|JAi |/a0 ' 6.7×10−9 eV for YIG ofJ = 5.279×10−21 eV m2,
a0 = 1.2376 nm, and S = 10 [32] with l = 1 µm and χ0 ∼
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FIG. 4. (a) Schematic description of the possible experimental setup,
where a nanomechanical beam structure of ferromagnetic insulator
is attached by a piezoelectric actuator and by a heavy metal in which
the spin Hall angle is large. The piezoelectric actuator excites the
torsional oscillation of the beam, which induces the magnon current
and then the inverse spin Hall current is detected in the heavy metal.
(b) Spatial profile of the torsional oscillation angle, and (c) the cor-
responding spatial profile of the magnon current generated by the
torsional oscillation, where L is the length of the beam. We note that
the magnon current takes a maximum value at the edge of the sample.
0.01, which is very weak compared to the other energy scales,
but its time derivative is important for the magnon current
generation, which is large enough to be detected because of
Ω ' 4.8×109 s−1 for d/w = 0.4 with µ = 75.42×109 kg/m s2
and ρ = 5.1 × 103 kg/m3 [40]. Indeed, the magnon current
density at the edge is calculated as converting the unit into that
of the electric current as
Iz(t) = jm,z(0, t)2e
~
dw (17)
≤ 2eχ0
3α
√
∆
J
µ
ρ
F(β∆)
(
n − 1
2
)2 ( d
l
)2
(nˆ0 · zˆ)
' 2 µA, for n = 1.
Here, we used ∆ ' 5.8 × 10−5eV, and α ∼ 10−4 for YIG [39].
We also assumed χ0 ∼ 0.01, d/l = 0.2 and T = 30 K. Note
that the calculated magnon current Iz depends on the ratio
of the thickness and length, d/l, not on the width w, and is
proportional to the square of the oscillation mode number n.
We further point out that although the emergent DM interac-
tion is weak for YIG, there would be relevant phenomena in
multiferroic materials, where the exchange interaction is much
more strong, and the distortion scale could be comparable to
the lattice constant [41].
Figure 4 (a) presents the schematics of an experimental setup
to detect the magnon current generated by the torsional oscil-
lation. We consider a YIG nanomechanical beam structure at-
tached by a piezoelectric actuator and by a detector composed
by heavy metal with large spin Hall angle. Figure 4 (b) de-
picts the spatial profile of the torsional oscillation of the lowest
mode, and Fig. 4 (c) shows the corresponding magnon current
generated by the torsional oscillation. Although the torsional
angle is zero at the edges, the generated magnon current takes
the maximum value at the edges, since the spatial derivative
contributes to the magnon current generation. Hence, assum-
ing Pt as the heavy metal, whose spin Hall angle is about
0.9% [30] with the resistivity ρ ∼ 10−7 Ωm, the inverse spin
Hall current in the heavymetal is the order of 10 nA, or divided
by the cross-section assumed as 400 nm2 with length 500 nm,
we have 1.2 µV, which is detectably large. We note that the
spin polarization of the magnon current is almost parallel to
nˆ0, and the magnitude is proportional to nˆ0 · zˆ.
We also note that the magnon current generation proposed
here can be regarded as an extension of the Barnett effect. The
Barnett effect is originally demonstrated for the rigid body
rotation, where the rotation couples to the magnetization as an
effective magnetic field. Thus, the coupling can be interpreted
as a Zeeman coupling due to the rigid rotation. In contrast,
we here show that the spatially nonuniform torsional rotation
couples to the localized spin via the emergent DM interaction,
resulting in generating the magnon current.
Finally, we would like to comment on possible connections
of our theory to strain engineering and flexible magnetoelec-
tronics. The main topics of current strain engineering [42]
and flexible magnetoelectronics [43–45] are related to only the
symmetric strain tensor. As mentioned above, torsional me-
chanical motions are related to the antisymmetric strain tensor,
and couples to the spin degree of freedom. Our theory paves
the way for studying spin-nanomechanical phenomena given
by antisymmetric strain tensor and will contribute to devel-
opments in strain engineering and flexible magnetoelectronics
with torsion.
To conclude, we have considered the nanomechanical can-
tilever composed of the ferromagnetic insulator, which per-
forms torsional oscillation, and shown that the magnon cur-
rent is induced by the torsional oscillation. We find that the
torsional oscillation can be described by the spin gauge field,
which produces a kind of DM interaction. From the evalua-
tion of the linear response of the magnon current to the spin
gauge field by using the Matsubara Green function method,
we obtain the microscopic form of the magnon current. The
estimation of the value suggests that the magnon current is
detectably large by the inverse spin Hall effect. The possible
experimental setup is also presented. As we have seen, the
spin gauge field is a powerful tool to approach the torsional
spin-nanomechanical effect, and our theory opens a new av-
enue for studying torsional spin-nanomechanical phenomena
by using the spin gauge field.
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